In this paper we evaluate the variation in L 1 -norm between u i h (T; x) ; i = 1; :::; J the discrete solution calculated at the moment T and u i 1 ; the asymptotic continuous solution of the system of parabolic quasivariational inequalities with noncoercive operators. The proof uses an algorithmic approach and the system of elliptic quasi-variational inequalities results.
Introduction
where is a bounded open domain of R N , N 1, with boundary @ su¢ ciently smooth, and T < +1:; the A i s are second-order uniformly elliptic operators, and f i s are M linear functions, and satisfying the following conditions:
In (1) k is a positive number. The elliptic version of this system plays a fundamental role in solving Hamilton-Jacobi-Bellman equations of stochastic control theory problems (cf. e.g., [1, 2] ). The noncoercive version was investigated in [10] where an L 1 -error estimate of O c:h 2 jlog hj 4 order was established. In this present paper we show how the arguments of [1] [2] [3] , [5, 7] , and [8, 13] , [14, 17] can be adapted and modi…ed to study the asymptotic behavior in L 1 -norm of parabolic quasivariational inequalities (1) .
In this paper, we establish a new quasi-optimal L 1 -error estimate, using the implicit Euler discretization scheme, and an algorithmic approach.
The paper is organized as follows: In section 2, we lay down some notations and assumptions needed through out the paper and state both the continuous and discrete problems and we state the continuous P.Q.V.I.s, and we analyzes the semi discretization in time with an implicit Euler scheme, we prove basic parabolic estimate, approximating the P.Q.V.I.s by a sequence of coercive system of elliptic quasi-variational inequalities (E.Q.V.I.s) ; we recall existence, uniqueness. In Section 3, we give analogous qualitative properties for the discrete problem, and we propose the algorithmic approach. Finally, in section 4, we establish the asymptotic behavior in L 1 norm.
2 The continuous system
Notations, assumptions and preliminairies
We are given:
J ; x 2 ; 1 j; k n are su¢ ciently smooth coe¢ cients and satisfy the following conditions:
such that
We de…ne the second-order uniformly elliptic operators of the form
and the associated bilinear forms:
is semi coercive, i.e. for some > 0 and 2 R a (u; u) + kuk
We shall also need the following norm: 8W = w 1 ; :::;
where
2.2 Time discretization of a continuous system of parabolic quasi-variational inequalities(P.Q.V.I.s)
The implicit Euler discretization scheme
Consider the continuous P.Q.V.I system (1) . We now present the implicit Euler scheme of semi discretization in time of (1:1) : We …x the number n 2 N of time steps and set t := T n ; t k := k t; k = 0; :::; n
The scheme consists in solving backward the n inequalities:
Lemma 1 The solution of the scheme (10) satis…es the "basic parabolic estimate" for some c 1 > 0
Proof. It is an adaptation of [5] .
Existence and uniqueness for the continuous P.Q.V.I s
We can rewrite (10) as:
Setting as before
we may write the previous relation in the form
the bilinear form a i (:; :) is then coercive. Setting u i;0 as the solution of the following discrete equation
A …xed point mapping associated with the system (14)
We de…ne the mapping T :
k is a solution of the following coercive Q.V.I 8 <
:
Proposition 2 (cf: [9] ) Under the previous hypotheses and notations, the map-
: Therefore, T admits a unique …xed point which coincides with the solution of problem (14) or (10) :
Proof. In [9] , taking = 1 t ; we get
which completes the proof.
An iterative continuous algorithm
Starting from u 
Proof. For k = 1; we have
Now, we assume that
The discrete system
The spatial discretization
Let be decomposed into triangles and the h denote the set of those elements; h > 0 is the mesh-size. We assume that the family h is regular and quasiuniform. We consider m ; m = 1; 2; :::; m (h) ; the nodal basis functions de…ned by m (M m ) = ms where M s is a summit of the considered triangulation. We introduce the following discrete spaces V h of …nite element
; such that
We consider r h be the usual interpolation operator de…ned by
Now, we de…ne the weak formulation of discrete problem as follow. Find a vector U h = (u We assume that the matrix with generic coe¢ cient a ( m ; s ) ; 1 m; s m (h) ; is an M-matrix (see [14] ). Such an assumption (see [15] ) is needed for the existence of the discrete solutions.
Time discretization of a discrete system of parabolic quasi-variational inequalities(P.Q.V.I.s)
For N 2 N we de…ne t; t k ; as in (9), and consider the time discretization 8 > < > : Lemma 4 The solution of the scheme (25) satis…es the "basic parabolic estimate" for some c 2 > 0
3.3 Existence and uniqueness for the discrete P.Q.V.I s
We have u
thus we can rewrite (25) as: 8 > < > :
h;k ; i = 1; :::; J
the bilinear form a i (:; :) are then coercive. Setting u i h;0 as the solution of the following discrete equation
A …xed point mapping associated with the system (30)
We de…ne the mapping
where i h; k is a solution of the following coercive.Q.V.I 8 < :
Proposition 5 Under the (d:m:p) ; and the previous hypotheses and notations, the
Therefore, T h admits a unique …xed point which coincides with the solution of problem (30) or (25) :
An iterative discrete algorithm
Starting from u Proof. It is very similar to that of the continuous case.
L 1 -error analysis
We will adapt the approximation results given for the system of noncoercive elliptic quasi-variational inequalities studied in [8] , [11] , [12] , [13] , more precisely, we will adapt the algorithmic approach given by M. Boulbrachen in [10] to give the following two Lemmas.
The algorithmic approach
It combines the error estimate between the kth iterate of (14) and its discrete counterpart (30) ; and the geometrical convergence of those algorithms. Let us introduce the following sequence of discrete coercive systems of E.Q.V.I.s: …nd 8 < : Lemma 8 (cf: [8] ) There exists a constant c independent of both h and k such that max
Asymptotic behavior for a …nite element approximation in a (P.Q.V.I.s)
In this section, we evaluate the variation in L 1 -norm between u i h; k (T; x) the discrete solution calculated at the moment T = n t and u i 1 ; the following asymptotic continuous solution problem:
8 < : 
Conclusion 1
In this approximation, we had an order of quasi-optimal convergence, which contains an additional logarithmic factor, which we will then try to removed using another approach.
